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and Macdonald’s eigenvalue problems
(Katsuhisa Mimachi)
I.Chelednik[l] Quantum Knizhnik -Zamolodchikov (
$\mathrm{Q}\mathrm{K}\mathrm{Z}$ ) $q$-Selberg
Macdonald
[5] $q$ $0\leq q<$
$1$ $(a)_{\infty}= \prod_{i\geq 0}(l-aq^{i}),\cdot$ $(a,)_{k}=(a.)_{\infty}/(aq^{k})_{\infty}$ , $(a_{1}‘, \ldots, a_{m})_{\infty}=$
$(a_{1},)_{\infty}\cdots(a_{7},,?.)_{\infty}$
1. Al










$\varphi_{1}=\frac{1}{1-ty2/x}$ , $\varphi_{2}=\frac{1-y_{2}/x}{(1--ty1/X)(1-ty_{2}/X)}$ (3)
$q$- q- $T_{q,y_{i}}$
$(T_{q,y_{i}}f)(y1, \ldots, y_{n})=f(y_{1}, . ...,\cdot qy_{i}, . . :, y_{n})$
:.






$\mathrm{R}$ (Yang-Baxter $4\cross 4$ )
$2\cross 2$ (4)
$A_{1}$ QKZ
(4) 1 $\cross 2$
$(1 t)$ (4) – –
$(1-t_{Z})/(1-\sim.)\sim$ $(\dagger$. $-z)/(1-z)$ –










$y_{1},$ $y_{2}$ $|y_{1}|,$ $|y_{2}|<1$ $\lambda_{1},$ $\lambda_{2}$
96
$\Phi$
$y_{1}$ $\{y1;y1q, \ldots, y1q^{k}-1\}$
$y_{2}$ $\{y_{2}, y_{2}q, . .., y_{2}q^{k1}-\}$
.
$\backslash$ $C_{1},$ $C_{2}$
(2) $C$ $C_{1},$ $C_{2}$
$C$. $C_{1},$ $C_{2}$ – (
) $C$
$C_{1}$
$\int_{C_{1}}\Phi\frac{d_{X}}{x}=y^{\lambda}11y2^{2}\frac{(t,ty_{2}/y1)_{\infty}}{(q,y_{2}/y_{1})_{\infty}}\lambda\sum_{\geq i0}’\frac{(qt^{-1-}qt1/y_{1}y)_{i}}{(q,qy_{1}/y2)_{i}}\underline’(t^{2\lambda\lambda}q1^{-}2)^{i}.$ . (7)
.
C2 $\Phi$ (7) $y_{1}$ $y_{2}$
$C_{1}$





















$A_{n-1}$ Macdonald $P_{\lambda}=P_{\lambda}(y_{1}, \ldots, y_{n} ; q, t)$
$m_{\lambda}(y)= \sum_{\beta\in S_{n}\lambda}y^{\beta}$ $<$ $\lambda=$
$(\lambda_{\dot{1}}, \lambda_{2}, \ldots, \lambda_{n},)$ \mbox{\boldmath $\lambda$} $\geq\mu,$ $\Leftrightarrow|\lambda|.=|\mu|$ $\lambda_{1}+\cdots+\lambda_{i}\geq\mu_{1}+$
$+\mu_{i}‘(i\geq 1)$ dominance ordering
Macdonald $t=q$ Schur $s_{\lambda}(y)\text{ }qarrow \mathrm{O}$
Hall-Littlewood $t=q^{k}$ $qarrow 1$ Jack
$\dot{J}_{\lambda}(y;1/k)\text{ }$ $k=1/2$ $GL(\uparrow \mathrm{z})/So(n)$
$k=2\text{ }GL(2n)/Sp(2n)$ – Macdonald
[4]
$\prime \mathrm{x}_{E}\backslash \text{ }\rfloor_{-}^{\triangleright}.\oplus 1\leq i.\cdot\leq n\mathrm{R}\epsilon i\mathrm{g}\langle\epsilon,\backslash -\text{ _{}\not\simeq_{\text{ }}A_{n.-1}},<.\#_{\sim}^{\vee}\mathrm{x}_{i}\iota,’\Gamma\llcorner\backslash \text{ }\mathrm{Q}\mathrm{K}\mathrm{Z}\text{ }\dot{\ovalbox{\tt\small REJECT}}^{\mathrm{D}}\pm f\mathrm{x}\epsilon[3]\#\wedgearrow’+’\epsilon_{j}=\delta_{i}jf\gamma \text{ }\hslash \mathrm{F}\mathrm{F}\backslash \langle, \rangle \text{ }\mathrm{t}\backslash -\vee\kappa 0\tau \mathrm{s}_{l^{\vee}}2$ $\mathrm{x}_{J}x_{1}\uparrow\backslash \text{ }\mathrm{b}[,X\text{ ^{}\backslash \pi}\backslash \mathrm{r}$
. $P=\oplus 1\leq i\leq n\mathrm{z}_{\epsilon}i$. $GL(n)$ $\Delta=\{\alpha_{ij}=$




\alpha >0 $P$ $A=\mathrm{C}[P]$
$e^{\lambda}$ Weyl $W=S_{n}$ $A$ $w(e^{\lambda})=e^{w\lambda}(w\in W)$





$R$- $\sigma_{\vee}$) $\circ$ $R_{\alpha}(\alpha\in\Delta)$ $E?\mathrm{t}d_{A(V}.$ )
$R_{\mathrm{o}}.h_{y}.=\{$
$d\alpha h+y\prime y\alpha h_{\mathrm{c}}\mathrm{s}_{\alpha}y$
’ $.y^{-1}(\alpha)>0$ ,





$L_{\epsilon_{i}}\in End_{\mathrm{C}}(l^{\gamma})$ $P_{\epsilon_{i}}^{u}-\in End_{A}(V)$
$\dot{L}_{\epsilon_{i}}(\sum f_{w}h_{w})=\sum L_{\epsilon_{r}}(f_{\dot{u}},)h_{w},$
$\cdot$ $L_{\epsilon_{i}}(e^{\lambda})=q^{\mathrm{t}^{\epsilon_{i},\lambda}}e^{\lambda}\}$ $(\lambda\in P)$
$P_{\epsilon_{i}}^{\mathrm{e}\iota}(h_{u},)=q^{\mathrm{t}^{\epsilon;,w}}wu)_{h}$ $(w\in W, v, \in \mathrm{R}^{n})$
$\mathrm{Q}\mathrm{K}\mathrm{Z}$
( $A_{7\mathit{1}-1}$ $\mathrm{Q}\mathrm{K}\mathrm{Z}$ ) $F\in|/^{\Gamma},$ $v,$ $=(u_{1}, \ldots, u_{n})\in R^{n}$
$L_{\epsilon 1}.F=L_{\epsilon_{i}}(R_{ii}.-1\ldots\kappa_{1})P_{\epsilon,\cdot+1}^{u}Rin\ldots R_{ii}F$ $(1 \leq i\leq n)$ (8)





$\cross$ $\prod_{1\leq i\leq\eta-1},\{_{1\leq\mu}\prod_{k\leq i}(x_{\mu}.)(i)\lambda n-i-\lambda_{n}-i+1\prod_{1\leq j\leq k:-1}.\frac{(tx_{j}^{(?}-1)/x(i))\mu\infty}{(x_{j}^{(-}/xi’ 1)(i)\mu)_{\infty}}$
$1 \leq\mu.\iota\neq\mu_{2}\leq k^{i}\square .\frac{(x_{\mu_{1}}^{()}i/x^{(i)})\mu_{2}\infty}{(tx_{\mu_{1}}^{()}/x_{\mu_{2}}^{(})_{\infty}ii)}-\cdot\}$
$x_{j}^{(0)}=y_{j}$ $(1 \leq i\leq n),$ $k^{i}=n-i$
((3) ) $\varphi_{w}=\varphi_{w}(y_{1}, \ldots, y_{m},)$
$\varphi_{w}=\sum_{\sigma}\sigma\prod_{\geq i1}\{1\leq\mu\square \frac{j_{\mu}^{t}<j\leq\prod_{ki-1}(1-\frac{x_{j}^{(i-1})}{x_{\mu}^{(i)}})}{\prod_{j_{\mu}^{i}\leq j\leq ki-1}(1-l\frac{x_{j}^{(i-1})}{x_{\mu}^{(i)}})}\square \leq k^{i}1\leq\mu 1<2\leq k^{i}\frac{(1-t\frac{x_{\mu_{2}}^{(i)}}{x_{\mu_{1}}^{(i)}})}{(1-\frac{x_{\mu_{2}}^{(i)}}{x_{\mu_{1}}^{(i)}})}\}$
99
\mbox{\boldmath $\sigma$} $=(\sigma^{1}, \sigma^{2}, \cdot\sim\cdot)\in\llcorner 9_{k^{1}}\cross\llcorner \mathrm{q}_{k^{2}}\cross\cdots$
$\sigma(x_{j}^{(i)})=x^{(}\sigma l.(j)i)$
$\sigma=(\sigma^{1}, \sigma^{2}, \cdots)\in S_{k^{1}}\cross S_{k^{2}}\cross\cdots$
$w=\in W$
$I=$ $(i_{1}, \ldots , i_{m})$ $I$
q $I^{(l)}$ $I^{(l)}$ $k$
$I^{(t-1)}$ $j_{k}^{l}$.





$I^{(1)}$ $=(2,3)$ $I^{(1)}$ $=(3,2)$
$\mathrm{j}_{\iota-\lambda}^{2_{-}}\mathit{1}^{\cdot}\uparrow$
$\grave{\mathrm{J}}_{\mathrm{t}}^{\mathrm{z}_{=1}}$
$I^{(2)}$ $=(3)$ $I^{(2)}$ $=(3)$
$\lambda_{1}\geq\cdots\geq\lambda_{n}$ $C$
$(\psi)=\mathit{1}_{C}^{\Phi\psi}.d\xi$ , $d \xi=.\prod_{1\leq i\leq n-1}.\frac{dx_{1}^{(i)}}{x_{1}^{(i)}}\ldots.\frac{dx_{n.-.i}(i)}{x_{n.-i}^{(i)}}$
.











( – [7]) $\int_{C}\Phi d\xi$ $C$ Macdonald
: :.. . :. $\cdot$ . $=$
Ma,cdonald
$A_{1}$
[61 $t=q^{k}$ ( $\in N$ ) $1>|y_{1}|>>\cdots>>|y_{n}|$
$\int_{C_{\mathrm{e}}}\Phi d\xi\sim y^{\lambda_{1}}1\ldots y_{n}^{\lambda}n\prod^{n}\prod_{1i=1}^{-i}-1j=n\frac{(q^{\lambda_{j}+}1j(n-i-j)k+1)_{k-}\lambda_{n+-}+.1}{(q)_{k-1}}$
$C_{e}$ $x_{j}^{(i)}$ $\{x_{j}^{(.-},$$x_{j}qi1)(i-1)$ ,
. . . , $X_{j}(i-1)_{q}\mathrm{A};-1\}$
$C_{w}=(\cdot\iota vC)(y_{1}, \ldots, y_{n})$
$.\mathit{1}_{C_{11}}^{\cdot},$ $\Phi d\xi$ $(\cdot\iota v\in_{arrow \mathrm{q}_{n}}.)$
–
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